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Abstract
The following coupled soliton equations are ultradiscretized through the Miura
transformation.
(i) Coupled Modified $KdV$ equation
$\frac{d}{dt}W_{a,n}=W_{a,n}W_{b,n}[W_{a,n+1}-W_{a,n-1}|$ ,
$\frac{d}{dt}W_{b,n}=W_{a,n}W_{b,n}[W_{b,n+1}-W_{b,n-1}|$ .
(ii) Coupled Lotka-Volterra equation
$\frac{d}{dt}\log[\alpha+u(n)]=u_{1}(n+1)-u_{1}(n-1)$ ,
$\frac{d}{dt}\log[\alpha^{-1}+u_{1}(n)]=u(n+1)-u(n-1)$,
where $\alpha$ is a real parameter.
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1.1
$D_{t}$ [1] $t$ $f,$ $g$







$e^{\delta D_{t}}$ $f(t),$ $g(t)$
$e^{\delta D}{}^{t}f(t)\cdot g(t)=f(t+\delta)g(t-\delta)$
2 $\sinh(\delta D_{t})f(t)\cdot f(t)=[e^{\delta D_{t}}-e^{-\delta D_{t}}]f(t)\cdot f(t)=0$ (1)
1.2
$d^{2}$
$\overline{dt^{2^{\log(1}}}+V_{n})=V_{n+1}-2V_{N}+V_{N-1}$ , $N=\cdots,$ $-2,$ $-1,0,1,2,$ $\cdots$ (2)
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(2) $\frac{d}{dt}F\log 2$ $f_{n}$
$V_{n}= \frac{d^{2}}{dt^{2}}\log f_{n}$ (3)
(2)
$\frac{d^{2}}{dt^{2}}\log(1+V_{n})=\frac{d^{2}}{dt^{2}}\log[f_{n+1}f_{n-1}/f_{n}^{2}]$ (4)
$t$ 2 ( $0$ ) $V_{n}$ (3)




$\frac{1}{2}D_{t}^{2}f_{n}\cdot f_{n}=f_{n+1}f_{n-1}-f_{n}^{2}$ , (7)
2
$\frac{d^{2}}{dt^{2}}\log V_{n}=V_{n+1}-2V_{n}+V_{n-1}$ , $n=\cdots,$ $-2,$ $-1,0,1,2,$ $\cdots$ . (8)
$\frac{1}{2}D_{t}^{2}f_{n}\cdot f_{n}=f_{n+1}f_{n-1}-f_{n}^{2}$ , $n=\cdots,$ $-2,$ $-1,0,1,2,$ $\cdots$ . (9)
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( )
$\frac{1}{2}D_{t}^{2}f_{n}\cdot f_{n}=f_{n+1}f_{n-1}-f_{n}^{2}$ , $n=-\infty,$ $\cdots 0,$ $\cdots,$ $\infty$ . (10)
$e^{D_{n}}$
$\frac{1}{2}D_{t}^{2}f_{n}\cdot f_{n}=[e^{D_{n}}-1]f_{n}\cdot f_{n}$, $n=-\infty,$ $\cdots,$ $0,$ $\cdots,$ $\infty$ . (11)
$n$ $t$
$\frac{1}{2}D_{t}^{2}f_{n}\cdot f_{n}=\lim_{arrow 0}\delta^{-2}[e^{\delta D_{t}}-1]f_{n}\cdot f_{n}$, (12)
$[e^{\delta D_{t}}-1]f_{n}\cdot f_{n}=\delta^{2}[e^{D_{n}}-1]f_{n}\cdot f_{n}$ , $n=-\infty,$ $\cdots,$ $0,$ $\cdots,$ $\infty$ (13)
$[e^{\delta D_{t}}-1]f_{n}\cdot f_{n}=\delta^{2}[e^{D_{n}+\delta\alpha D_{t}}-1]f_{n}\cdot f_{n}$ . $n=-\infty,$ $\cdots,$ $0,$ $\cdots,$ $\infty$ (14)
$(\alpha=const)$ $\lim_{\deltaarrow 0}$
(13) Type- 1 (14), $(\alpha=-1)$ Type-2
Modified $KdV$ Type-2 Lotka-
Volterra Type-l
$t=m\delta$
Type 1: $[e^{D_{m}}-1]f_{n}^{m}\cdot f_{n}^{m}=\delta^{2}[e^{D_{n}}-1]f_{n}^{m}\cdot f_{n}^{m}$ , (15)
Type 2: $[e^{D_{m}}-1]f_{n}^{m}\cdot f_{n}^{m}=\delta^{2}[e^{D_{n}-D_{m}}-1]f_{n}^{m}\cdot f_{n}^{m}$ . (16)
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$D_{m},$ $D_{n}$
Type 1: $f_{n}^{m+1}f_{n}^{m-1}-(f_{n}^{m})^{2}=\delta^{2}[f_{n+1}^{m}f_{n-1}^{m}-f_{n}^{m2}]$ , (17)




$[z_{1}\exp(D_{1})+z_{2}\exp(D_{2})+z_{3}\exp(D_{3})]f\cdot f=0$ , (19)





$-\exp(D_{3})f\cdot f\{[z_{1}\exp(D_{1})+z_{2}\exp(D_{2})+z_{3}\exp(D_{3})]g\cdot g\}$ .
$P=0$ $f$ $g$
$P=0$ $f$ $g$
$F_{1}(D_{1}, D_{2}, D_{3})f\cdot g=0$ ,




$)$ Exchange formula ( $f$ $g$ )
$\{\exp(D_{j})f\cdot f\}\{\exp(D_{k})g\cdot g\}-\{\exp(D_{k})f\cdot f\}\{\exp(D_{j})g\cdot g\}$
$=2\sinh[(D_{j}+D_{k})/2]\{\exp[(D_{j}-D_{k})/2]f\cdot g\}\cdot\{\exp[-(D_{j}-D_{k})/2]f\cdot g\}$ ,
for $j,$ $k=1,2,3$ .
$)$ Interchange formula ( 1 2 ) $\circ$
2 $\sinh[(D_{1}+D_{3})/2])\{\exp[-(D_{2}-D_{4})/2]f\cdot g\}\cdot\{[\exp[-(D_{1}-D_{3})/2]f\cdot g\}$
$=2\sinh[(D_{2}+D_{3})/2])\{\exp[-(D_{1}-D_{4})/2]f\cdot g\}\cdot\{[\exp[-(D_{2}-D_{3})/2]f\cdot g\}$ ,
where $D_{4}=-D_{1}-D_{2}-D_{3}$ .
2
$[\alpha_{1}e^{-(D_{1}-D_{3})/2}-e^{(D_{1}-D_{3})/2}+\beta_{1}e^{-(D_{2}-D_{4})/2}]f\cdot g=0$ , (20)
$[\alpha_{2}e^{-(D_{2}-D_{3})/2}-e^{(D_{2}-D_{3})/2}+\beta_{2}e^{-(D_{1}-D_{4})/2}]f\cdot g=0$ . (21)
$\alpha_{1},$ $\alpha_{2},$ $\beta_{2},\beta_{2}$
$P$
$z_{1}$ $z_{2}$ $P_{2}$ :
$P=z_{1}P_{1}+z_{2}P_{2}$ . (22)
$P_{1}$ Exchange formula




$P_{1}/\beta_{1}=2\sinh[(D_{1}+D_{3})/2][e^{-(D_{2}-D_{4})/2}f\cdot g]\cdot[e^{-(D_{1}-D_{3})/2}f\cdot g]$ (24)
$P_{2}/\beta_{2}=2\sinh[(D_{2}+D_{3})/2][e^{-(D_{1}-D_{4})/2}f\cdot g]\cdot[e^{-(D_{2}-D_{3})/2}f\cdot g]$ (25)
$P_{1)}$ P Interchange formula
$P_{1}/\beta_{1}=P_{2}/\beta_{2}$ (26)
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$+\beta_{1}\hat{u}\exp[(\ -\partial_{4})/2]\}\phi=0$ , (28)
$\{\alpha_{2}\exp[(\ -\partial_{3})/2]-\exp[(-\ +\partial_{3})/2]$
$+\beta_{2}\hat{v}\exp[(\partial_{1}-\partial_{4})/2]\}\phi=0$ , (29)
$\partial_{i}=\frac{\partial}{\partial x:}$ , for $i=1,2,3$ $\partial_{4}=-\partial_{1}-$ $-$
$\hat{u},\hat{v}$
$\hat{u}=\frac{\exp[(D_{2}-D_{4})/2]f\cdot f}{\exp[(D_{1}-D_{3})/2]f\cdot f}$ ,
$\hat{v}=\frac{\exp[(D_{1}-D_{4})/2]f\cdot f}{\exp[(D_{2}-D_{3})/2]f\cdot f}$ .






$L_{2}=e^{-\partial_{2+\ }}-\beta_{2}ve^{\partial_{1}+\partial_{3}}$ , (33)
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$u= \frac{(e^{\partial_{2}+\partial_{3}}f)(e^{-\partial_{1}-\partial_{2}}f)}{f(e^{-\partial_{1}+\partial_{3}}f)}$ , (34)
$v= \frac{(e^{\partial_{1}+\partial_{3}}f)(e^{-\partial_{1}-\partial_{2}}f)}{f(e^{-\partial_{2}+\partial_{3}}f)}$ , (35)
3.3 (Compatibility Condition)
(30) (31) $[L_{1}, L_{2}]=0$ $u$ $v$
$[L_{1}, L_{2}]$
$=[e^{-\partial_{1+\partial_{3}}}-\beta_{1}ue^{\partial_{2+\partial_{S}}}, e^{-\partial_{2+\partial_{3}}}-\beta_{2}ve^{\partial_{1+\partial_{3}}}]$ ,
$=-\beta_{1}[ue^{\partial_{2+\partial_{3}}}, e^{-\partial_{2+\partial_{3}}}]-\beta_{2}[e^{-\partial_{1+\partial_{3}}}, ve^{\partial_{1+\partial_{3}}}]+\beta_{1}\beta_{2}[ue^{\partial_{2}+\partial_{3}}, ve^{\partial_{1}+\partial_{3}}]$
$u$ $v$
$\beta_{1}u(x_{1}, x_{2},x_{3})-\beta_{1}u(x_{1}, x_{2}-1, x_{3}+1)$
$=\beta_{2}v(x_{1},x_{2},x_{3})-\beta_{2}v(x_{1}-1, x_{2}, x_{3}+1)$ , (36)
$u(x_{1}, x_{2}, x_{3})v(x_{1}, x_{2}+1, x_{3}+1)$
$=u(x_{1}+1,x_{2}, x_{3}+1)v(x_{1}, x_{2}, x_{3})$ . (37)
3.4 $u$ $v$ (36), (37)
$u,$ $v$ (34), (35) (36) (37) (37) $f(x_{1}, x_{2}, x_{3})$
(36)
$-\sinh[(D_{1}+D_{2})/2][e^{D_{3}}f\cdot f]\cdot\{[-\beta_{2}e^{D_{1}}+\beta_{1}e^{D_{2}}+\gamma e^{D_{3}}]f\cdot f\}$
$\gamma$ $\beta_{1}z_{1}+\beta_{2}z_{2}=0$ $f$ (19)
$0$ $u$ $v$ (36)
175




$B\ddot{a}$cklund Transformation KP B\"acklund Transformation
$D_{1}=-D_{m}$ , $z_{1}=1$ ,
$D_{2}=D_{m}-D_{n}$ , $z_{2}=-\delta^{2}$ ,
$D_{3}=0$ , $z_{3}=\delta^{2}-1$
$[\alpha_{1}e^{D_{m}/2}-e^{-D_{m}/2}+\beta_{1}e^{D_{n}-D_{m}/2}]f\cdot g=0$ , (38)
$[\alpha_{2}e^{-(D_{m}-D_{n})/2}-e^{(D_{m}-D_{n})/2}+\beta_{2}e^{(D_{m}+D_{n})/2}]f\cdot g=0$, (39)
3.6 Discrete Toda equation of Type 2
KP Lax pair Discrete Toda equation
of TyPe 2 Lax pair
$L_{1}=e^{-\partial_{m}}-\beta_{1}V_{n}^{m}e^{\partial_{n}-\partial_{m}}$ ,
$L_{2}=e^{-(\partial_{n}-\partial_{m})}-\beta_{2}I_{n}^{m}e^{\partial_{m}}$ ,
$V_{n}^{m}= \frac{f_{n+1}^{m-1}f_{n-1}^{m}}{f_{n}^{m}f_{n}^{m-1}}$ , (40)










$f_{n}^{m}=1+r_{j}(m, n)$ , $g_{n}^{m}=1+a_{j}r_{j}(m, n)$ ,
$r_{j}(m, n)=r_{j}p_{j}^{m}q_{j}^{2(n-n_{1})}$




$f_{n}^{m}g_{n}^{m+1}-(1-\delta)f_{n}^{m+1}g_{n}^{m}-\delta f_{n+1}^{m}g_{n-1}^{m+1}=0$ , (44)
$(1-\delta)f_{n+1}^{m}g_{n}^{m+1}+\delta f_{n}^{m+1}g_{n+1}^{m}-f_{n+1}^{m+1}g_{n}^{m}=0$. (45)
(44),(45) Lotka-Volterra
$f_{n}^{m}g_{n}^{m+1}=(1-\delta)f_{n}^{m+1}g_{n}^{m}+\delta f_{n+1}^{m}g_{n-1}^{m+1}$ , (46)
$f_{n+1}^{m+1}g_{n}^{m}=(1-\delta)f_{n+1}^{m}g_{n}^{m+1}+\delta f_{n}^{m+1}g_{n+1}^{m}$ . (47)
$f_{n}^{m},$ $g_{n}^{m}$ $\delta<1$
Lotka-Volterra
$u_{n}^{m},$ $v_{n}^{m},$ $x_{n}^{m},$ $y_{n}^{m}$ :
$u_{n}^{m}= \frac{f_{n+1}^{m}g_{n-1}^{m+1}}{f_{n}^{m+1}g_{n}^{m}}$ , $v_{n}^{m}= \frac{f_{n}^{m+1}g_{n+1}^{m}}{f_{n+1}^{m}g_{n}^{m+1}}$ , (48)
$x_{n}^{m}= \frac{f_{n}^{m}g_{n}^{m+1}}{f_{n}^{m+1}g_{n}^{m}}$ , $y_{n}^{m}= \frac{f_{n+1}^{m+1}g_{n}^{m}}{f_{n+1}^{m}g_{n}^{m+1}}$ . (49)
(46),(47)
$x_{n}^{m}=1-\delta+\delta u_{n}^{m}$ , (50)
$y_{n}^{m}=1-\delta+\delta v_{n}^{m}$ , (51)
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$\frac{u_{n}^{m+1}}{u_{n}^{m}}=\frac{1-\delta+\delta v_{n}^{m}}{1-\delta+\delta v_{n-1}^{m+1}}$, (54)






$u_{n}^{m}= \frac{f_{n+1}^{m}g_{n-1}^{m+1}}{f_{n}^{m+1}g_{n}^{m}}$ , $v_{n}^{m}= \frac{f_{n}^{m+1}g_{n+1}^{m}}{f_{n+1}^{m}g_{n}^{m+1}}$,
$x_{n}^{m}= \frac{f_{n}^{m}g_{n}^{m+1}}{f_{n}^{m+1}g_{n}^{m}}$ , $y_{n}^{m}= \frac{f_{n+1}^{m+1}g_{n}^{m}}{f_{n+1}^{m}g_{n}^{m+1}}$
$u_{n}^{m-1}= \frac{f_{n+1}^{m-1}g_{n-1}^{m}}{f_{n}^{m}g_{n}^{m-1}}$ , $v_{n-1}^{m-1}= \frac{f_{n-1}^{m}g_{n}^{m-1}}{f_{n}^{m-1}g_{n-1}^{m}}$
$V_{n}^{m}=u_{n}^{m-1}v_{n-1}^{m-1}$ (56)
$x_{n-1}^{m}= \frac{f_{n-1}^{m}g_{n-1}^{m+1}}{f_{n-1}^{m+1}g_{n-1}^{m}}$ , $y_{n-1}^{m}= \frac{f_{n}^{m+1}g_{n-1}^{m}}{f_{n}^{m}g_{n-1}^{m+1}}$
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$I_{n}^{m}=x_{n-1}^{m}y_{n-1}^{m}$ (57)
$x_{n}^{m},$ $y_{n}^{m}$ $u_{n}^{m},v_{n}^{m}$ (56),(57)
Lotka-Volterra Miura
4.3 Miura transformation $1-a$
We shall prove directly that the discrete Toda equation
$I_{n}^{m}-I_{n}^{m-1}=\delta^{2}[V_{n}^{m}-V_{n-1}^{m+1}]$ , (58)
$V_{n}^{m}I_{n+1}^{m-1}=I_{n}^{m}V_{n}^{m+1}$ , (59)
is solved by the Miura transformation
$V_{n}^{m}=u_{n}^{m-1}v_{n-1}^{m-1}$ , (60)
$I_{n}^{m}=x_{n-1}^{m}y_{n-1}^{m}$ , (61)
provided that $u_{n}^{m},$ $v_{n}^{m},$ $x_{n}^{m}$ and $y_{n}^{m}$ solve the discrete Lotka-Volterra equation,
$\frac{u_{n}^{m+1}}{u_{n}^{m}}=\frac{y_{n}^{m}}{y_{n-1}^{m+1}}$ , (62)
$\frac{v_{n}^{m+1}}{v_{n}^{m}}=\frac{x_{n+1}^{m}}{x_{n}^{m+1}}$ , (63)
$x_{n}^{m}=1-\delta+\delta u_{n}^{m}$ , (64)
$y_{n}^{m}=1-\delta+\delta v_{n}^{m}$ . (65)
Substitutin$g$ the Miura transformation (60) and (61) into Eq. (58) we have
$x_{n}^{m+1}y_{n}^{m+1}-\delta^{2}u_{n+1}^{m}v_{n}^{m}=x_{n}^{m}y_{n}^{m}-\delta^{2}u_{n}^{m+1}u_{n-1}^{m+1}$. (66)
We shall transform of the $l.h.s$ of Eq.(66). Eliminating the terms, $y_{n}^{m+1}$ and $\delta v_{n+1}^{m}$ with the
help of Eqs. (64) and (65) and using the relation (62) we find that the $l.h.s$ is reduced to
$(1-\delta)[x_{n}^{m+1}+\delta v_{n}^{m}]$ . (67)
On the other hand the $r,h,s$ of Eq.(66) is transformed, eliminating the terms, $\delta v_{n}^{m+1}$ and
$x_{n+1}^{m}$ , and using the relation (63),into
$x_{n}^{m}y_{n}^{m}-\delta^{2}u_{n}^{m+1}u_{n-1}^{m+1}=(1-\delta)[y_{n}^{m}+\delta u_{n}^{m}" ]$ . (68)
The $r.h.s$ . and the $l.h.s$ . are equal to each other due to the expressions (64) and (65).
Substituting the Miura transformation (60) and (61) into Eq. (59) we find that it is nothing
but an identiy of $u,$ $v,$ $x,$ $y$ .








Cusick theorem :“ $A$ product of Hankel determinants
is expressed by a pfaffian” [2]
Coupled modified $KdV$
$f_{n}^{m}g_{n}^{m+1}=(1-\delta)f_{n}^{m+1}g_{n}^{m}+\delta f_{n+1}^{m}g_{n-1}^{m+1}$ , (69)
$f_{n+1}^{m+1}g_{n}^{m}=(1-\delta)f_{n+1}^{m}g_{n}^{m+1}+\delta f_{n}^{m+1}g_{n+1}^{m}$ . (70)
2 $f_{n}^{m}arrow g_{n}^{m}$ $f_{1,n}^{m}arrow g_{1,n}^{m}$
$f_{1,n}^{m}g_{1,n}^{m+1}=(1-\delta)f_{1,n}^{m+1}g_{1,n}^{m}+\delta f_{1,n+1}^{m}g_{1,n-1}^{m+1}$ , (71)
$f_{1,n+1}^{m+1}g_{1,n}^{m}=(1-\delta)f_{1,n+1}^{m}g_{1,n}^{m+1}+\delta f_{1,n}^{m+1}g_{1,n+1}^{m}$ . (72)
4 $F_{n}^{m},$ $G_{a,n}^{m},$ $G_{b,n}^{m}$
$n$
$F_{2n}^{m}=f_{n}^{m}f_{1,n}^{m}$ , $G_{a,2n}^{m}=g_{n}^{m}g_{1,n-1}^{m}$ , $G_{b,2n}^{m}=g_{n-1}^{m}g_{1,n}^{m}$ , (73)






$W_{a,n}^{m}= \frac{G_{a,n}^{m}}{F_{n}^{m}}$ , $W_{b,n}^{m}= \frac{G_{b,n}^{m}}{F_{n}^{m}}$ (78)
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$W_{a,n}^{m+1}-W_{a,n}^{m}-\delta\Gamma_{n}^{m}W_{a,n}^{m}W_{b,n}^{m}[W_{a,n+1}^{m}-W_{a,n-1}^{m+1}]=0$ , (79)





$x_{a,n}^{m},$ $x_{b,n}^{m},$ $y_{a,n}^{m},$ $y_{b,n}^{m}$
$x_{a,n}^{m}=g_{n}^{m}/f_{n}^{m}$ , $y_{a,n}^{m}=g_{n-1}^{m}/f_{n}^{m}$ , (82)
$x_{b,n}^{m}=g_{1,n}^{m}/f_{1,n}^{m}$ , $y_{b,n}^{m}=g_{1,n-1}^{m}/f_{1,n}^{m}$ . (83)
(69),(70)(71),(72) $x_{an}^{m},$ $x_{bn}^{m},$ $y_{an}^{m},$ $y_{bn}^{m}$,,
( )
$\frac{x_{a,n}^{m+1}}{x_{a,n}^{m}}=1-\delta+\delta\frac{y_{a,n}^{m+1}}{y_{a,n+1}^{m}}$ , $\frac{x_{b,n}^{m+1}}{x_{b,n}^{m}}=1-\delta+\delta\frac{y_{b,n}^{m+1}}{y_{b,n+1}^{m}}$ , (84)
$\frac{y_{a,n}^{m}}{y_{a,n}^{m+1}}=1-\delta+\delta\frac{x_{a,n}^{m}}{y_{a,n-1}^{m+1}}$ , $\frac{y_{b,n}^{m}}{y_{b,n}^{m+1}}=1-\delta+\delta\frac{x_{b,n}^{m}}{y_{b,n-1}^{m+1}}$ . (85)
$W_{a,n}^{m},$ $W_{b,n}^{m}$ $x_{a,n}^{m},$ $x_{b,n}^{m},$ $y_{a,n}^{m},$ $y_{b,n}^{m}$ Miura
$W_{a,2n}=x_{a,n}^{m}y_{b,n}^{m}$ , $W_{a,2n+1}=(x_{b,n}^{m}y_{a,n+1}^{m})^{-1}$ , (86)




6 Lotka-Volterra equation of coupled form
We consider an infinite chain of prey and predators; the n-th species is the predator of
the $(n+1)$-th species and the prey of the $(n-1)$-th species. The population of the n-th
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species, $N(n)$ is assumed to be determined by the following simple equation
$\frac{d}{dt}N(n)=N(n)(N(n+1)-N(n-1))$ . (88)
Equation(88) has a steady state solution, $N(2n)=N_{0}$ and $N(2n+1)=N_{1}$ for integer $n$ .
Let the deviations of the population from the steady states be $n(n)$ and $n_{1}(n)$ :
$N(2n)=N_{0}+n(n))$ (89)
$N(2n+1)=N_{1}+n_{1}(n)$ . (90)
Then equation(88) are transformed into
$\frac{d}{dt}\log(N_{0}+n(n))=n_{1}(n+1)-n_{1}(n-1)$ , (91)
$\frac{d}{dt}\log(N_{1}+n_{1}(n))=n(n+1)-n(n-1)$ , (92)




$n(n)=N_{0}\alpha^{-1}u(n)$ , $n_{1}(n)=N_{1}\alpha u_{1}(n)$ , (95)
$t= \frac{\alpha}{N_{0}}\tau=\frac{1}{N_{1}\alpha}\tau$ , $\alpha^{2}=N_{0}/N_{1}$ . (96)
Equations (93) and (94) exhibit solitons moving in both directions[3].
We call Eqs. (93) and (94) “ Lotka-Volterra equation of coupled form“.
We shall discretize Lotka-Volterra equation of coupled form,Eqs.(93) and (94), and obtain
the ultradiscrete form of them.
6.1 Extended B\"acklund Transformation for
the Discrete Toda equation of Type 1
We consider the discrete Toda equation decribed by the bilinear equation
$[e^{2D_{m}}-1-\delta^{2}(e^{2D_{n}}-1)]f(m,n)\cdot f(m, n)=0$, (97)
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which is the Discrete Toda equation of Type 1,where we have changed the bilinear operators,
$D_{m}$ and $D_{n}$ as $D_{m}arrow 2D_{m}$ and $D_{n}arrow 2D_{n}$ for notational convenience.
We write Eq.(97) as
$[\sinh^{2}(D_{m})-\delta^{2}\sinh^{2}(D_{n})]f(m, n)\cdot f(m, n)=0$, (98)
An extended B\"acklund Tkansformation for Eq.(98) has been discussed in a paper[4].
We have an extended Backlund Transformation of the following form,
$\sinh(D_{m})f\cdot g-\delta\alpha_{1}\sinh(D_{n})f_{1}\cdot g_{1}=0$ , (99)
$\sinh(D_{m})f_{1}\cdot g_{1}-\delta\alpha_{2}\sinh(D_{n})f\cdot g=0$ , (100)
$[\cosh(D_{n})+\beta_{1}\sinh(D_{n})]f_{1}\cdot g_{1}=\lambda_{1}[\cosh(D_{m})+\gamma_{1}\sinh(D_{m})]f\cdot g$ , (101)
$[\cosh(D_{n})+\beta_{2}\sinh(D_{n})]f\cdot g=\lambda_{2}[\cosh(D_{m})+\gamma_{2}\sinh(D_{m})]f_{1}\cdot g_{1}$ . (102)
where $\alpha_{j},$ $\beta_{j},$ $\lambda_{j}$ and $\gamma_{j}$ for $j=1,2$ are parameters with the relation $\alpha_{1}\alpha_{2}=\lambda_{1}\lambda_{2}$. The
extended B\"acklund transformation gives a bilinear form of the discrete Lotka-Volterra
equation of coupled form when $\beta_{1}=\beta_{2}=\gamma_{1}=\gamma_{2}=\lambda_{1}=\lambda_{2}=1$ ,
$\sinh(D_{m})f\cdot g-\delta\alpha\sinh(D_{n})f_{1}\cdot g_{1}=0$, (103)
$\sinh(D_{m})f_{1}\cdot g_{1}-5\alpha^{-1}\sinh(D_{n})f\cdot g=0$ , (104)
$e^{D_{n}}f_{1}\cdot g_{1}=e^{D_{m}}f\cdot g$ , (105)
$e^{D_{n}}f\cdot g=e^{D_{m}}f_{1}\cdot g_{1}$ . (106)
Solving Eqs (105) and (106) we find that $f_{1}(m,n)$ and $g_{1}(m, n)$ are expressed by $f(m, n)$
and $g(m, n)$ as
$f_{1}(m, n)=g(m-1, n-1)$ and $g_{1}(m, n)=f(m+1, n+1)$ , (107)
or
$f_{1}(m,n)=f(m+1, n-1)$ and $g_{1}(m, n)=g(m-1, n+1)$ . (108)
We choose the former expression for $f_{1}(m, n)$ and $g_{1}(m, n)$ .Then Equations (103) and (104)
are expressed by
$[\sinh(D_{m})+\delta\alpha\sinh(D_{n})e^{D_{m}+D_{n}}]f\cdot g=0$ , (109)
$[\sinh(D_{m})e^{D_{m}+D_{n}}]+\delta\alpha^{-1}\sinh(D_{n})]f\cdot g=0$ . (110)
6.2 Lax-Pair for the Discrete Toda Equation of Type 1
We show that Eqs. (109) and (110) are transformed into a Lax-pair for the Discrete Toda
equation of type 1.
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We write Eqs. (109) and (110) as





$g(m, n)=f(m,n)\psi’(m, n)$ . (113)
Then Eqs. (111) and (112) become
$(1-\delta\alpha)f(m+1, n)f(m-1, n)\psi’(m-1,n)-f(m-1, n)f(m+1,n)\psi’(m+1,n)$
$+\delta\alpha f(m+1, n+2)f(m-1,n-2)\psi’(m-1,n-2)=0$ , (114)
$(1-\delta\alpha^{-1})f(m, n+1)f(m, n-1)\psi’(m, n-1)+\delta\alpha^{-1}f(m, n-1)f(m,n+1)\psi’(m,n+1)$
$-f(m+2,n+1)f(m-2,n-1)\psi’(m-2,n-1)=0$ . (115)
which are expressed by
$[(1-\delta\alpha)e^{-\partial_{\eta\eta}}-e^{\partial_{m}}+\delta\alpha u_{1}(m, n)e^{-\partial_{m}-2\partial_{\eta}}]\psi’(m, n)=0$ , (116)
$[(1-\delta\alpha^{-1})e^{-\partial_{n}}+\delta\alpha^{-1}e^{\partial_{n}}-u_{2}(m, n)e^{-2\partial_{m}-\partial_{n}}]\psi’(m, n)=0$ . (117)
where
$u_{1}(m, n)= \frac{f(m+1,n+2)f(m-1,n-2)}{f(m+1,n)f(m-1,n)}$ , (118)
$u_{2}(m,n)= \frac{f(m+2,n+1)f(m-2,n-1)}{f(m,n+1)f(m,n-1)}$ . (119)
Eqs. (116) and (117) are transformed into a Lax-form,
$L_{1}\psi(m, n)=(1-\delta\alpha)\psi(m, n)$ , (120)
$L_{2}\psi(m, n)=(1-\delta\alpha^{-1})\psi(m, n)$ , (121)
where
$\psi(m,n)=\psi’(m-1,n)$ , (122)
$L_{1}=e^{2\partial_{m}}-\delta\alpha u_{1}(m+1, n)e^{-2\partial_{n}}$ , (123)
$L_{2}=-\delta\alpha^{-1}e^{2\partial_{n}}+u_{2}(m,n+1)e^{-2\partial_{m}}$ . (124)
The commutator, $[L_{1}, L_{2}]=0$ gives the equation of $u_{1}(m, n)$ and $u_{2}(m, n)$ ,
$u_{2}(m+2,n+1)-u_{2}(m,n+1)-\delta^{2}[u_{1}(m+1, n)-u_{1}(m+1,n+2)]=0,$ $(125)$
$u_{1}(m+1,n)u_{2}(m, n-1)-u_{1}(m-1, n)u_{2}(m,n+1)=0$ . (126)
Equations (125) and (126) are Discrete Toda equation of type 1 and are solved by Eqs.(97),(118)
and (119).
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6.3 Discrete Lotka-Volterra equation of coupled form
We show that the bilinear form of the discrete Lotka-Volterra equation,
$[\sinh(D_{m})+\delta\alpha\sinh(D_{n})e^{D_{m}+D_{n}}]f\cdot g=0$ ,
$[\sinh(D_{m})e^{D_{m}+D_{n}}]+\delta\alpha^{-1}\sinh(D_{n})]f\cdot g=0$ .
is transformed into the discrete Lotka-Volterra equation of coupled form,
$\frac{v(m+1,n)}{v(m-1,n)}=\frac{1-\delta\alpha[1-v_{1}(m,n+1)]}{1-\delta\alpha[1-v_{1}(m,n-1)]}$ , (127)
$\frac{v_{1}(m+1,n)}{v_{1}(m-1,n)}=\frac{1-\delta\alpha^{-1}[1-v(m,n+1)]}{1-\delta\alpha^{-1}[1-v(m,n-1)]}$ , (128)
through the dependent variable transformation,
$v(m, n)= \frac{f(m,n-1)g(m,n+1)}{f(m,n+1)g(m,n-1)}$ , (129)
$v_{1}(m, n)= \frac{f(m+1,n+2)g(m-1,n-2)}{f(m+1,n)g(m-1,n-1)}$ . (130)
We have the bilinear equations (111) and (112), which are arranged as
$f(m-1, n)g(m+1, n)=(1-\delta\alpha)f(m+1, n)g(m-1,n)$
$+\delta\alpha f(m+1, n+2)g(m-1, n-2)$ , (131)
$f(m+2, n+1)g(m-2, n-1)=(1-\delta\alpha^{-1})f(m, n+1)g(m, n-1)$
$+\delta\alpha^{-1}f(m, n-1)g(m, n+1)$ . (132)
Let us introduce new variables, $x(m, n)$ and $x_{1}(m, n)$ by
$x(m,n)= \frac{f(m+2,n+1)g(m-2,n-1)}{f(m,n+1)g(m,n-1)}$ , (133)
$x_{1}(m, n)= \frac{f(m-1,n)g(m+1,n)}{f(m+1,n)g(m-1,n)}$ . (134)
Then the above bilinear forms are expressed simply by
$x_{1}(m, n)=1-\delta\alpha+\delta\alpha v_{1}(m, n)$ , (135)
$x(m, n)=1-\delta\alpha^{-1}+\delta\alpha^{-1}v(m, n)$ . (136)
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which give the descrete Lotka-Volterra equation of coupled form,
$\frac{v(m+1,n)}{v(m-1,n)}=\frac{1-\delta\alpha[1-v_{1}(m,n+1)]}{1-\delta\alpha[1-v_{1}(m,n-1)]}$ , (139)
$\frac{v_{1}(m+1,n)}{v_{1}(m-1,n)}=\frac{1-\delta\alpha^{-1}[1-v(m,n+1)]}{1-\delta\alpha^{-1}[1-v(m,n-1)]}$, (140)
which can easily be ultradiscretized for $\delta\alpha<1$ and $\delta\alpha^{-1}<1$ .
6.4 Miura Transformation 3
We shall find the Miura transformation which expresses the dependent variables of the
discrete Toda equation of type 1, $u_{1}(m, n)$ and $u_{2}(m, n)$ with the dependent variables of
the discrete Lotka-Volterra equation of coupled form, $v(m, n)$ and $v_{1}(m, n)$ .
We have
$u_{1}(m, n)= \frac{f(m+1,n+2)f(m-1,n-2)}{f(m+1,n)f(m-1,n)}$ , (141)
$u_{2}(m, n)= \frac{f(m+2,n+1)f(m-2,n-1)}{f(m,n+1)f(m,n-1)}$ (142)
and
$v(m, n)= \frac{f(m,n-1)g(m,n+1)}{f(m,n+1)g(m,n-1)}$ ,
$v_{1}(m,n)= \frac{f(m+1,n+2)g(m-1,n-2)}{f(m+1,n)g(m-1,n)}$ ,
$x(m,n)= \frac{f(m+2,n+1)g(m-2,n-1)}{f(m,n+1)g(m,n-1)}$ ,
$x_{1}(m, n)= \frac{f(m-1,n)g(m+1,n)}{f(m+1,n)g(m-1,n)}$ ,
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which give
$v(m-1, n-1)= \frac{f(m-1,n-2)g(m-1,n)}{f(m-1,n)g(m-1,n-2)}$ ,
$x_{1}(m-1, n-1)= \frac{f(m-2,n-1)g(m,n-1)}{f(m,n-1)g(m-2,n-1)}$ .
Accordingly we find the following relations
$u_{1}(m, n)=v(m-1, n-1)v_{1}(m, n)$ , (143)
$u_{2}(m, n)=x(m, n)x_{1}(m-1, n-1)$ . (144)
We have $x(m, n)$ and $x_{1}(m, n)$ expressed by $v(m,n)$ and $v_{1}(m, n)$ . Accordingly Eq.(143),(144)
is a Miura transformation expressing $u_{1}(m, n),$ $u_{2}(m, n)$ by $v(m, n),$ $v_{1}(m, n)$
References
[1] R. Hirota, The Direct Method in Soliton Theory (Cambridge, Cambridge University
Press, 2004).
[2] (4) 14, (2004) 381-389.
[3] R. Hirota and J,Satsuma”$N$-Soliton Solutions of Nonlinear Network Equations De-
scribing a Volterra System”, J. Phys. Soc. Jpn. $40(1976)891-900$ .
[4] R. Hirota, “Nonlinear Partial Difference Equations.IV. B\"acklund Transformation for
the Discrete-Time Toda Equation“, J. Phys. Soc. Jpn. $45(1978)321-332$ .
187
